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D r i l l i n g  c o s t s  can "be i n f l u e n c e d  by many v a r i a b l e s .  
The r e l a t i o n s h i p  o f  t h o s e  v a r i a b l e s  to  t h e  c o s t s  a r e  
s t r i c t l y  n o n l i n e a r  a n a  t h e r e f o r e  d i f f i c u l t  to  f i r m l y  
e s t a b l i s h .  With t e c h n i q u e s  f rom t h e  g e o m e t r i c  p rogramming 
o p t i m i z a t i o n  m e th o d s ,  bounds  can be p l a c e d  on t h e  
p e r c e n t a g e  c o s t  c o n t r i b u t i o n  o f  each  o f  t h e s e  v a r i a b l e s .  
With  t h i s  k n o w le d g e ,  an e n g i n e e r  can b e t t e r  d e t e r m i n e  w h ich  
v a r i a b l e s  to  c h a n g e ,  i f  a n y ,  i n  o r d e r  to  im p ro v e  t h e  
d r i l l i n g  c o s t s .
E. M. G a l l e  and  H. B. Woods o f  Hughes Tool Company 
h a v e  e s t a b l i s h e d  e q u a t i o n s  to  f i n d  t h e  o p t i m a l  c o n s t a n t  
w e i g h t  and r o t a r y  sp eed  a s su m in g  p r o p e r  a t t e n t i o n  i s  g i v e n  
t o  t h e  o t h e r  v a r i a b l e s  su c h  a s  b i t  s e l e c t i o n ,  d r i l l i n g  
f l u i d s  and h y d r a u l i c s ^ 3 ) ,  The p ro b lem  h a s  been  
f o r m u l a t e d  from t h e i r  e q u a t i o n s  i n t o  g e o m e t r i c  programming 
f o r m a t  to  a i d  i n  o b t a i n i n g  c o s t  p e r c e n t a g e  b o u n d a r i e s  on 
t h e  c o n s t a n t  b i t  w e i g h t  and  r o t a r y  sp e ed  v a r i a b l e s .
Becau se  t h e  p ro b lem  c o n t a i n s  a  n e c e s s a r y  i n t e g r a t i o n ,  
c o n s i d e r a t i o n  i s  g i v e n  to  t h r e e  c a s e s  b a s e d  upon b i t  w e a r :
1) f l a t  c r e s t e d  b i t  t o o t h  wear = 1 .0 7
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2) t u n g s t e n  c a r b i d e  s t u d d e d  b i t s  w h ic h  h a v e  l i t t l e  
t o o t h  w ear  d u r i n g  t h e  b i t  l i f e  £  = O . o j ,  and
3 ) s e l f - s h a r p e n i n g  o r  c h i p p i n g  t y p e  b i t  t o o t h
w e ar  5  = 0 . 5 7 .
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PROBLEM STATEMENT
G a l l e  and  Woods h av e  f o r m u l a t e d  t h e  c o s t  p e r  f o o t  
( e x p r e s s e d  i n  r i g  h o u r s  p e r  f o o t )  o f  a b i t  r u n  f o j  and  
h a v e  m u l t i p l i e d  i t  by t h e  f o r m a t i o n  d r i l l a b i l i t y  p a r a m e t e r  
/CJf.7 to  a r r i v e  a t  a  d i m e n s i o n l e s s  o b j e c t i v e  f u n c t i o n  /K/»  
S in c e  Of i s  a  c o n s t a n t  f o r  t h e  f o r m a t i o n  b e i n g  d r i l l e d *  
m i n i m iz i n g  K w i l l  r e s u l t  i n  a  minimum c o s t  p e r  f o o t  f o r  
t h e  b i t  r u n .
The o b j e c t i v e  f u n c t i o n  i s  composed o f  t h r e e  v a r i a b l e
1) Df ( f i n a l  b i t  t o o t h  d u l l n e s s ,  m e a su re d  be tw een  
0 . 0  and  1 . 0 ) ,
2 ) W ( e q u i v a l e n t  7 - 7 / 8'1 b i t  w e i g h t  u s e d  i n  d r i l l i n g  
a l l o w e d  to  r u n  b e tw een  0 and  79 t h o u s a n d  p o u n d s ) ,  and
3) N ( r o t a r y  s p e e d ,  RPM).
The p ro b lem  i n  i t s  s i m p l e s t  form w i l l  h av e  an 
o b j e c t i v e  f u n c t i o n  to  be m in im iz e d  s u b j e c t  to  t h e  f o l i o w i n  
f i v e  c o n s t r a i n t s .
1 ) Df m ust  be  l e s s  t h a n  1 .
2) The b e a r i n g  l i f e  expended i s  a  f u n c t i o n  o f  Df, 
an d  N and i s  m e a s u re d  be tw een  0 and 1 . Thus,  t h e  f i n a l  
f r a c t i o n  o f  b e a r i n g  l i f e  expended  m us t  be l e s s  t h a n  1 .
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3) As Df i n c r e a s e s  f rom 0 to  1 , K i n i t i a l l y  d e c r e a s e s  
an d  t h e n  i n c r e a s e s  a s  t h e  d r i l l i n g  s low s  down b e c a u s e  o f  a
d u l l  b i t .  The b i t  s h o u l d  be  p u l l e d  from t h e  h o l e  and
r e p l a c e d  b e f o r e  K b e g i n s  to  r i s e .  T h is  o c c u r s  where  t h e  
s l o p e  o f  t h e  c u r v e  on a g r a p h  o f  Df v e r s u s  K i s  non p o s i t i v e  
( i . e . ,  <)K/<)Df  ^  0 ) .
4) W m ust  be  l e s s  t h a n  o r  e q u a l  to  79 t h o u s a n d  po u n d s .
5) D f , tf, and  N m ust  be  n o n n e g a t i v e  v a l u e s  f o r  an
o p t i m a l  s o l u t i o n .
To e a s e  t h e  b u r d e n  o f  c o m p u t a t i o n ,  f i r s t  t h e  g e n e r a l  
c a s e  w i l l  be i n t r o d u c e d  and  r e a r r a n g e d  a s  much a s  p o s s i b l e  
b e f o r e  d e v e l o p i n g  t h e  t h r e e  c a s e s ,  I n  t h e  g e n e r a l  c a s e ,  
t h e  c o n s t a n t s  and  common p o l y n o m i a l s  w i l l  be  r e p l a c e d  w i t h  
"Clf and  HR,f s u b s c r i p t e d  te rm s ,  r e s p e c t i v e l y ,  to  r e d u c e  t h e  
s i z e  o f  t h e  p r o b le m .
I n  e ac h  o f  t h e  t h r e e  c a s e s ,  t h e  p ro b lem  w i l l  be 
r e d u c e d  to  t h i s  f o r m a t 1.
To N btn-
M in im iz e  K = 2  A-̂  T T * n  
t =1 n = l
s u b j e c t  to  t h e  c o n s t r a i n t s
1P o r  f u r t h e r  e x p l a n a t i o n  o f  t h e  f o r m a t  o f  a  g e o m e t r i c  
p rogram m ing  p r o b le m ,  c o n s u l t  D u f f in  and  o t h e r s ,  1967.
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Xi ^  0 ; i  = 1 . . . I T
w h ere
X i s  a  v a r i a b l e  
N i s  t h e  number o f  v a r i a b l e s  
M i s  t h e  number o f  c o n s t r a i n t s  
To i s  t h e  number  o f  t e r m s  i n  o b j e c t i v e  e q u a t i o n  
Tm i s  t h e  number  o f  t e r m s  i n  c o n s t r a i n t  "m” 
lfA,f and  "C*1 a r e  c o e f f i c i e n t s  
"b" and  "d" a r e  e x p o n e n t s  
An example  u s i n g  t h i s  f o r m a t  would  be 
M in im iz e  K = 3X2Xg +
S u b j e c t  to
2X,X£ 2 + Xt X2 £  1
- 2  4 
5X1 X2 ^  1
xlf x2   ̂ 0.
To f o r c e  e ach  o f  t h e  t h r e e  c a s e s  i n t o  t h i s  f o r m a t ,  
t h e  i n t e g r a t i o n s  m us t  be  p e r f o r m e d  and  l o g a r i t h m i c ,  
e x p o n e n t i a l ,  and  some o t h e r  f u n c t i o n s  m ust  be  a p p r o x i m a t e d  




The g e n e r a l  form o f  t h e  p ro b lem  can  be  e x p r e s s e d  a s  
Minimi ze
K =
S u b j e c t  to
( 1 3 5 9 , 1 - 1 6 4 6 , IlnW)
■fn "** -z
(N+4. 348^10 V )Qe
2J ( 0 . 9 2 8 l 2 5 D 2+ 6 . 0 D + l ) d D l  /
(1 3 5 9 .  1 -1646.  ilnW) (ff)k ( e~ ' 00^ Z) )
(H+4.348X10“ 5N3 )
°f "1
J ( 0 .9 2 8 1 2 5 D 2+ 6 .0 D + 1 )1 - p dD
1 ) -  1
2 ) [(H) ( 1 3 5 9 . 1 - 1 6 4 6 .  Uni?) /
(Sa ) ( C „ e " Cl2^+C 13) ( N + 4 .3 4 8 x io “ 5H3 ) 
J ( 0 . 9 2 8 l 2 5 D 2+6.0D +i)dD  ^  1 2
3) <3K/<)])f  ^  0
2I n  t h e  p a p e r  by G a l l e  and  Hoods ( 1 9 6 0 a ) ,  a  t a b u l a t e d
f u n c t i o n  o f  W, w h ich  t h e y  c a l l e d  L,  a p p e a r e d  i n  t h e  denomina­
t o r  o f  c o n s t r a i n t  2. I  have  a p p r o x i m a t e d  t h i s  t a b u l a t e d
f u n c t i o n  by (C fle~Cl2W+ 0 13) .
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4 )  W ^ 79
5)  Df , N,  W *  0
As a  s i m p l i f i c a t i o n ,  f o r  each  n u m e r i c a l  c o n s t a n t  
i n t r o d u c e  a  s u b s c r i p t e d  tf0 tl.
Minimi ze
K =
S u b j e c t  to
2 )
° i +
( 0 2- C 3XnW)
(H+C4Jr3 ),
( 0 5 D +CgD+l )dD
( 0 2- 0 3lnW )(W )°7(e  100/1,11 N°8+09N( l - e " 100,/lr2) )
(lf+C4ll3 )
A
(0_D +0 ,D +1) 1 - p dDD O
( N ) ( q 2- 0 3l n i j ) ( 0 10)
( C „ e - C12f + o 1 3 ) ( H +0 4 N3 )
( C D  +CgD+1) dD
3) <)K/<)Df  <  0
4 > ( ° 14)(W) *  1
5 ) Df , K, I S O
P e r f o r m  t h e  - i n t e g r a t i o n  a p p e a r i n g  i n  t h e  n u m e r a t o r  o f  
t h e  o b j e c t i v e  f u n c t i o n  and i n  c o n s t r a i n t  2 .
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T)f
f  Q Q
( 0 5 D2+C6 D+1 )dDr— Df 3+— Df 2+Df  = O ^ D ^ + C  g B f 2* ^
J
S e l e c t i v e l y ,  common p o l y n o m i a l s  i n  t h e  p ro b lem  can be  
r e p l a c e d  by  a  s u b s c r i p t e d  ,fR ,f. L a t e r ,  t h e  v a l u e s  o f  t h e  ,rR,f 
t e r m s  w i l l  be  b r o u g h t  i n t o  t h e  m i n i m i z a t i o n .
M in im iz e
C1 + (R 1) ( a 2 ) - 1 ( 0 15Df 3 +Cl 6 Df 2+Df ) 
K =  „ * ' P f '
( r 1 ) (W )°7 ( e 2 ) " 1( r 3 ) y  ( c 5D2+o6m - i ) 1" p dD
©
S u b j e c t  to
1) j>£ *  i
2 ) ( H ) ( R 1 ) ( ° 10 ) ( B2 ) - 1( V  *  ,
( o . e - o i a ^ o ^ ) -
3 ) <^K/^Df  ^  0
4) ( 0 l 4 ) ( f )  ^  1
5) Df , B, i i i o
C o n s t r a i n t  2 can be r e d u c e d  to  two c o n s t r a i n t s  i n  o r d e r  
to  remove t h e  e x p o n e n t i a l  t e r m .  T h is  i s  a c c o m p l i s h e d  by 
u s i n g  t h e  r e l a t i o n s h i p
eu  = l im  (1 + u / e ) ^ .
£-*» co
T h is  J u s t i f i e s  t h e  r e p l a c e m e n t  o f  w i t h  ^
w here  i s  s u f f i c i e n t l y  l a r g e .
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I n t r o d u c i n g  a  new v a r i a b l e  t^  = 1 -  e“ ^12^
can  be  r e p l a c e d  w i t h  ( t ^ ) ^ .  T h is  n e c e s s i t a t e s  im p o s in g  
a n o t h e r  c o n s t r a i n t  1 -  0 ^ / e ,  -  t ,  w h ich  i s  e q u i v a l e n t  to  
( t , ) -1  -  ( £ 1 ) " 1 ( o 12) ( t 1) " 1( ? )  *  i .
C o n s t r a i n t  2 ,  w i t h  t h e  i n t r o d u c t i o n  o f  t j ,  i s
( H ) ( R 1 ) ( 0 10 ) ( R g ) ~ 1 (Rs )
( c j t t , ) * 1 + ( o 13)
R e a r r a n g i n g ,  t h i s  becomes
- 1(N)(R1) ( 0 10)(R2 ) ’ (R ) * ( 0H) c t t ) ’ +(0 ) ,  then
( 0 i o ) ( N ) ( R 1 ) ( R 2 ) " 1 (R5 ) - ( 0 l 3 ) ^ ( 0 t() ( t 1)£ l > t h e n
(O i o ) ( C (|) - 1( N ) ( R 1 ) (R 2 ) " 1(R5 ) ( t 1 ) " £ 1 - ( C H) " 1(C,3) ( t p l l ,
and  f i n a l l y ,  a f t e r  d e f i n i n g  new c o n s t a n t s ,
(C 17)(H)CR1 ) ( R 2 ) " 1 (R5 ) ( t 1) " £ 1- ( 0 l 8 ) ( t i r £ 1^ i .
A lso  p r e s e n t  w i l l  be t h e  a d d i t i o n a l  c o n s t r a i n t
( t t ) ‘ 1- ( 0 . . ) ( t  l ' 1!?)'  ^  1.
1 19 1
The g e n e r a l  s t a t e m e n t  o f  t h e  p ro b lem  i s  t h e n  r e d u c e d  to  
M in im iz e
K =  ( o ^ y c R g r ^ o ^ H g V H ) ________________
(R1)(W)°7(R2 ) " 1(R3 ) rf (C5 D2+C6 XH-i)1-PdD
p
S u b j e c t  to
T -1506
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2 ) (C l 7 )(N)(xH1 ) (R 2 )_ 1(H5 ) ( t 1 ) " £ 1- ( 0 l 8 ) ( t 1) - £ 1i 1
3 ) ( t , ) " l - ( 0 19 ) ( t 1 ) " 1(¥)^1
4 )  <)K/<}Df  *  0
5) ( 0 l 4 )(W) ^  1
6)  Df , N, tf, t .  i O
T h is  i s  t h e  s i m p l e s t  s t a t e m e n t  o f  t h e  g e n e r a l  c a s e  
p r o b l e m .  F o r  e ac h  o f  t h e  t h r e e  c a s e s  (p=0 ,  . 5 ,  and  1 . 0 ) ,  t h e  
t e rm  i n  t h e  o b j e c t i v e  f u n c t i o n  m ust  be  i n t e g r a t e d ,  c o n s t r a i n t  
4  m us t  be r e d u c e d ,  and  bounds  m ust  be  p l a c e d  on t h e  ,fH" 
p o l y n o m i a l s .
T -1506 It
CASE I
p = 1 .0  (PLAT CRESTED BIT TOOTH WEAR)
P e r f o r m i n g  t h e  i n t e g r a t i o n  i n  t h e  d e n o m in a to r  o f  t h e  
o b j e c t i v e  f u n c t i o n ,
f t  f t
(C5 D2+C6D + l ) 1" p d3) =
O '  Q
dD = Df  •
The o b j e c t i v e  f u n c t i o n  w i l l  be
K =_ , o r
r e a r r a n g i n g ,
K = ( 0 1 )(Df ) " 1( ¥ ) " C7 ( R 1 ) " 1 (R2 ) ( R 3 ) - 1
+ (Df )“ 1(Tf)- 0 7{R3)“ 1(H5)
C o n s t r a i n t  4 f rom t h e  g e n e r a l  c a s e  would  be
a K / 3 Df  = [ ( R 1) ( w ) C7 (R2 ) " 1(R5 )(Df ) ( R 1) ( R 2 )“ 1(R4 )
-  [ ( c 1) + ( R 1) ( R 2 ) “ 1(R5 ) J  ( r 1 ) ( ! 7 ) ° 7 ( r 2 ) - 1( r 3
/ [ ( R 1 ) 2 ( ! 7 ) 2 0 7 ( R 2 ) - 2 ( R 3 ) 2 ( D f ) 2 j  *  o .
The d e n o m i n a t o r  i s  p o s i t i v e  and  may be removed w i t h o u t  
c h a n g in g  t h e  s e n s e  o f  t h e  i n e q u a l i t y .  Prom t h e  n u m e r a t o r ,
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f a c t o r  (R 1) ( f ) ° 7 (R2 ) " t (R5 ) .
[ ( R 1 ) ( W ) ° 7 (R2 ) " 1(R3 ) ]  { (Df ) ( R 1) ( R 2 )_ 1 (R4 )
-  [ ( o , )  + ( r i ) ( r 2 ) ~ 1( r 5 )] j  ^  0
_  Cry -1
(£}),(W) ' f ( H2 ) » and  (H^) a r e  p o s i t i v e  and  may be 
rem oved  w i t h o u t  c h a n g in g  t h e  s e n s e  o f  t h e  i n e q u a l i t y .
(Df ) ( R 1) ( R 2 ) " 1(R4 ) -  ( 0 1) - ( R 1 ) ( R 2 ) “ 1 (R ) 4 0
Expand R^ s i n c e  i t  does  n o t  a p p e a r  i n  t h e  o b j e c t i v e  
f u n c t i o n .
( n e ) ( R 1 ) ( R 2 ) " 1( 0 5 Bf 2+06I):f+ l )  -  ( 0 ^
- ( R , ) ( R 2 ) " 1 (R5 ) £  0
P e r f o r m  t h e  m u l t i p l i c a t i o n  i n  t h e  f i r s t  t e r m .
( 0 5 ) (Df ) 3 ( R 1 ) ( R 2 ) _1 + (C6 ) (Df ) 2 ( R 1) ( R 2 ) -1
+ ( B f H R ^ f R g ) " 1 -  ( 0 1 ) -  (R1 ) ( R 2 ) " 1(R ) ^ 0
Add to  b o t h  s i d e s  o f  t h e  i n e q u a l i t y  and  t h e n  d i v i d e  b o t h  
s i d e s  o f  t h e  i n e q u a l i t y  by  0 ^.
( C . ) " 1( C J ( D  ) 3 (R ) ( R  ) ' 1 + ( 0 ) - \ 0  ) ( D ^ ) 2 (R ) ( R  ) _1 
1 5 f  1 2 1 6 f  1 2
+ (01) ' 1(Df )(R1) (R2 ) " 1 -  (C1) ' 1(R 1 ) ( R 2 ) “ 1(R ) * 1
By d e f i n i n g  new c o n s t a n t s ,  r e d u c e  c o n s t r a i n t  4 to
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(C2 1 ) ( V 3 ( V (y " 1 + ( 0 2 2 ) ( I , f ) 2 (R , ){S 2 r 1
+ (C20)(Df )(H1) ( E 2 r 1  '  (0 ao)(Hi )(V " 1{V  "
The ,fRff p o l y n o m i a l  t e r m s  m us t  be bounded  by t h e  
i n t r o d u c t i o n  o f  a  c o n s t r a i n t  f o r  e a c h .
R^ m u s t  be m ax im ized  to  h e l p  m in im iz e  t h e  o b j e c t i v e  
f u n c t i o n .  T h e r e f o r e ,  R1 m u s t  have  an u p p e r  bound to  h e l p  
e n s u r e  a  bounded  o b j e c t i v e  f u n c t i o n .  
c 2 -  C^lnW *  r 1
T h is  can be r e w r i t t e n  a s  
R1 + C^lnW ^  a 2 .
I f  £ 2 i s  s u f f i c i e n t l y  s m a l l ,  InW can be a p p r o x i m a t e d  by
( £ 2 ) " 1 (W)£ 2  -  ( £ 2 ) - 1 .
S u b s t i t u t i n g ,
( R , )  + ( 0 3 ) / ( £ 2 ) " 1(W)£2 -  ( £ 2 ) “ 17 ± (C2 ) .
E x p an d in g ,
£
( R , )  + (C3 ) ( £ 2 ) " 1(W) 2 -  ( 0 3 ) ( £ 2 ) " 1 ^  ( 0 2 )
Add t h e  c o n s t a n t  to  b o t h  s i d e s .
(a,) + (o3 )(£2 )“1 (i7)£ 2 -s (o2) + (c3 ) ( £ 2 ) - 1
D iv id e  b o t h  s i d e s  by t h e  q u a n t i t y  (C2 ) + (C-^)(<S2 ) “ 1 and  
d e f i n e  new c o n s t a n t s .
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(C2 3 ) ( R 1) + ( c 2 4 ) ( ? ) f 2  £  1
Rg m u s t  be m in im iz e d  to  h e lp  m in im iz e  t h e  o b j e c t i v e  
f u n c t i o n  an d  m us t  h ave  a l o w e r  bound t o  o b t a i n  a  f e a s i b l e  
s o l u t i o n  to  t h e  p r o b le m .
U + C4N3 ^  r 2
T h is  can  be  r e w r i t t e n  a s
(H )(R 2 ) _1 + ( 04 ) ( n ) 3 ( r 2 ) -1  *  1.
R^ m u s t  be m ax im ized  to  m in im iz e  t h e  o b j e c t i v e  f u n c t i o n  
a n d  m us t  h a v e  an u p p e r  bound .
( e ) -100/ l f2(N) 08 + ( c 9 ) (H ) ( l - e - 10° / K2) -  R3
E x p an d in g ,
( e )-100 /N '2 (F )C8 + ( 0g )(]j)  _ (Cg ) ( N ) ( e ) “ 10° / N2 ^  R j  #
U s in g  t h e  same p r o c e d u r e  a s  on t h e  b e a r i n g  l i f e
c o n s t r a i n t  i n  t h e  g e n e r a l  c a s e ,  ( e) Can be r e p l a c e d
/  eby (1 -  100/U ^  / £  3 ) ^$ where  £ 3  i s  t a k e n  to  be s u f f i c i e n t l y  
l a r g e .  D e f in e  a  new v a r i a b l e  t g  = 1 -  and
i n t r o d u c e  t h e  new c o n s t r a i n t  ( t 2 ) “ 1 + ( £ ^ ) “ 1( - 100) (N)“ 2 ( t g ) ~ ^
The R ,  c o n s t r a i n t  i s  t h e n  
3 £
( t 2 ) 3 ( N) C8 + ( c 9 ) ( u )  -  (Og ) ( R ) ( t 2 ) 3 i  r 3> 
r e a r r a n g i n g ,
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(R3 ) -  ( t 2 )£ 3 (N) ° 8 + (C9 ) (N) ( t 2 ) -  <C9 > W »
a n d  by d i v i d i n g  b o t h  s i d e s  by  (Cg)(lT),
( 09 ) " 1( n ) - 1( r 3 ) -  ( 09 ) “ 1( n ) 08 f ( t 2 )£ 5 + (-t2 )e 3 ^  u
D e f i n i n g  new c o n s t a n t s ,  t h e  two c o n s t r a i n t s  become
£ £
(C2 5 ) ( F ) - 1(R3 ) -  (C25 )(N) 2 6 ( t 2 ) 3 +  ( t 2 ) 1t
a n d
( t 2 ) “ 1 -  (C2 7 ) ( N ) ’ 2 ( t 2 ) “ 1 £  1 .
R^ m u s t  be  m in im iz e d  to  m in im iz e  t h e  o b j e c t i v e  f u n c t i o n  
an d  m us t  h av e  a  l o w e r  bo und .
( 0 15) (D f ) 3 + ( C l 6 ) (D f ) 2 + (Df ) i  fi5
D i v i d e  b o t h  s i d e s  by  R^.
( 0 l 5 ) (Df ) 3 (R5 ) " 1 + (C l 6 )(Df ) 2 (R5 ) - 1 + (Df ) ( E 5 ) " 1 i? 1
W ith  t h e s e  a d d i t i o n a l  c o n s t r a i n t s  and  v a r i a b l e s ,  Case  
I  ( f o r  p = 1 . 0 ) w i l l  h a v e  24 t e r m s  and  9 v a r i a b l e s ,  r e s u l t i n g  
i n  a  m i n i m i z a t i o n  p ro b le m  w i t h  a  d e g re e  o f  d i f f i c u l t y  o f  14.
The f u l l  p ro b lem  f o r  p = 1 .0  i s  
M in im iz e
K = ( 0 l )(Df ) _ 1(W)“ C7 ( R 1) - 1(R2 ) ( R 3 ) - 1 
+ (Df ) ( t f ) " C7 (R3 ) " 1(R5 )
S u b j e c t  to
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1) -  1
2 ) ( 0 17) (N) (R1) (R2 )“ 1 (R5 ) ( 1:1) 1 " ( C ^ g H t , ) ' ^  i? 1
3) ( t ^ -1  -  ( 0 19) ( t 1 ) ” 1(W) *  1
4)  ( C ^ H D ^ d ^ H R g ) - 1 + (C22)(Df ) 2 ( R 1) ( S 2 ) " 1 
+ ( C ^ J d J f J C R ^ f S g ) " 1
-  ( o2 0 ) ( r 1) ( r 2 ) - 1( r 5 ) -  1
5) (C 14)0? )  *  1
6) ( 0 25 ) ( R 1) + (C24 )(W)£ 2  ^  1
7) (N) (R2 ) “ 1 + ( 04)(R)3 (R2 ) " t £ 1
8 )  ( 0 2 5 ) ( N ) - 1(R3 ) -  C02 5 ) ( R ) ° 26 (-fc2 )£ 3  + (tj 3 £  1
9) ( t 2 ) " 1 -  (C2 7 ) ( R ) - 2 ( t 2 ) - 1 ^  1
10) ( C ^ U D f ) 3 ^ ) " 1 + ( O ^ J C D f J ^ R g ) " 1 
+ 1% )  (R g ) " 1 ^  1
11) Df, N f W, , Rg> ^2 ^  0 ®
The d u a l  f u n c t i o n  f o r  t h i s  p ro b le m  i s
K =  ( C / d , ) * *  ( l / d 2 ) d2 (C 17/ d 4 ) d4 ( o i 8/ d / d5
( l / d 6 ) d6 (C 19/ d 7 ) - d7 (C21/ d g ) d8 ( O ^ d g ) ^  
( ° 2 0 / d 1 0 ) d10 C°20/ d 1 l )" dl1 ( 0 14 ) d l 2 (C23/ l 13) d 13
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V i / 1* ( , / 1 , 5 > a ' 5 (V  V * ' 6  lV ‘ ,7 |,|T
c 25/ d i 8 ) ' d l8  ( l / d l 9 ) d19 ( l / d 2 0 ) d20 ( 0 ^ / d 2 i ) “ dai 
0 i 5/ d 2 2 )d22 ( C l6 / d 2 3 ) d23 ( i / d 2 4 ) d24 (d 4 - d 5 ) d4 " d5 
d6+d? ) d6+d7 ( d 8+d9+ d 10- d 11) d8+d9 + d1 0 -d 1l 
d 13+d , 4 ) d l5 + d l4  ( d l 5+ d l 6 ) d l 5 + d l 6
d d o+d 1d l 7 “ d l 8 + d 19 / d _ d \ d20“ d21 
17“ 18+<119; ' 20 2 1 '
d 22+d23+d2 4 ) d 22+d23+d24 .
The n o r m a l i z a t i o n  c o n d i t i o n  i s  
d 1 + d2 = 1 , 
and  t h e  o r t h o g o n a l i t y  c o n d i t i o n  i s
•■Oy d - jC y d g —dy+d-j 1 = ^
-d i+ d 2+ d3 + 3 d 8+ 2d 9 + d10+3d22+ 2(*23+{l24 = ® 
d4+d l 5+ 3 d i 6 - (il 7 - 0 26d l 8 +2d21 = 0
d 1+d4 +d8+d9 +di o “ d i i + d i3  = 0
d r d4"d8"d9 " d 10+ di r d l5 " d l6  = 0
- d ^ d g + d ^  = 0
d2+d4- d 1 ^ d g g - d g j - d ^  = 0 
— d4 + 8  ̂d^— d^+d^ = 0
^ 3 dl 8 +£3 d l 9 _d20"d21 = °*
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CASE I I
p = 0 . 0  ( TUNGSTEN CARBIDE STUDDED BITS)
Working w i t h  t h e  g e n e r a l  c a s e ,  p e r f o r m  t h e  i n t e g r a t i o n  
i n  t h e  d e n o m in a to r  o f  t h e  o b j e c t i v e  f u n c t i o n .
f t  *j (C5D2+C6 I > n ) 1“p dD = j  ( 0 5D2+C6 D+l)dD 
0 0
= ° ^ / 3  Df + °f$ / 2  Df 2  + Df  
3 2
_ +®i6 ^ f  +Df
The o b j e c t i v e  f u n c t i o n  w i l l  be
(R 1 ) ( f ) 07 ( R 2 ) " 1(R3 ) ( 0 15Df 3+Cl 6D:£.2+ % )  
o r ,  r e a r r a n g i n g ,
K = (C1) ( f f ) " C7 ( H 1 ) ' 1(R2 ) ( R 3 r 1 (R5 r 1+ ( f ) " C7(H3 r 1.
C o n s t r a i n t  4 f rom t h e  g e n e r a l  c a s e  w ould  be
<)K/<)Df  = - ( 0 1) ( ¥ ) “ ° 7 ( R 1) “ 1(R2 ) ( R3 )_ 1 (R4 ) ( R5 ) - 2 ^  0,
( C ̂ ) » ( vT) ( R , ) (R2 ) , ( R 3) - 1 , (R4 ) ,  and (Rg)- 2  a r e  a l l
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p o s i t i v e  and t h e  c o n s t r a i n t  can he removed b e c a u s e  i t  i s  
n o t  b i n d i n g .
As i n  Case  I ,  R  ̂ m u s t  be  m ax im ized ,  Rg m in i m iz e d ,  and  
R^ m ax im ized  to  h e l p  e n s u r e  m in i m iz i n g  t h e  o b j e c t i v e  
f u n c t i o n .  S in c e  R^ a p p e a r s  i n  t h e  o b j e c t i v e  f u n c t i o n  w i t h  
a  n e g a t i v e  s u b s c r i p t ,  i t  m us t  be  m ax im ized .  Thus R^ h a s  
an u p p e r  bound i f  t h e  o b j e c t i v e  f u n c t i o n  i s  to  be  bounded .
( C l 5 ) ( V 3+ (C l 6 )(Df ) 2 + ( V  ~ E5
R e a r r a n g i n g  t h e  t e r m s ,
(R5 ) - ( 0 i 5 )(Df )3- ( 0 l 6 )(Df )2 ^  Df .
D i v i d i n g  b o t h  s i d e s  by D^,
(E5 )(Df )_ 1- ( C l 5 )(Df )2- ( 0 l 6 )(Df ) * 1.
Case  I I  ( f o r  p = 0 . 0 )  w i l l  have  20 t e r m s  and  9 
v a r i a b l e s ,  r e s u l t i n g  i n  a  m i n i m i z a t i o n  p ro b lem  w i t h  a d e g r e e  
o f  d i f f i c u l t y  o f  10 .
The f u l l  p ro b le m  f o r  p = 0 . 0  i s  
M in im ize '
K = ( C 1) (W )" C7 ( R 1 ) “ 1(S 2 ) (R 3 r 1(R5 ) - 1+(W)-C7(R 3 ) - 1
S u b j e c t  to
1) Df  *  1
2 ) ( C l 7 ) ( H ) ( R 1)(R2 r \ R 5 ) ( t i y £' l - ( 0 l 8 ) ( t 1) k  1
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3) ( t  )“ 1- ( 0  ) ( t  )_ 1 ( ? )  £  1
I 19 1
4) ( ° l 4 ) ( ^ )  *  1
_ £ 2
5 )  ( 0 2 3 ) ( R 1 ) + (C 2 4 )(W) 2 £  1
6 ) dr ) (R2 ) - 1+ ( c 2 4 ) ( i r)3 (R2 )" 1 £  1
T) ( 0 2 5 ) ( N r 1(R5 ) - ( 0 25 ) ( N ) ° 26 ( t 2 )£'3+ ( t 2 ) 3 S  1
8 )  ( t 2 ) - 1 - ( C 2 7 ) ( K ) " 2 ( t 2 r 1 £  1
9 ) ( V ( V " 1- ( ° 1 5 h V 2- ( ° i 6 k V  "  1
10) D , N, !T, R , E , R , R , t  , t  =S 0
f  1 2 3 5 1 2
The d u a l  f u n c t i o n  f o r  t h i s  p ro b lem  i s
K =  ( C / d , ) * '  d / d 2 )d2 (C 17/ d 4 )d4 (C l 8/ d 5 r d5
( l / d6 ) d6 ( ° l 9 / d7 ) ' d7 ( ° l 4 )d8 { 0 23/ d9 )d9 
(C24/ d i 0 ) d10 d / d 11)d H  (C4 / d i 2 )d 12 (C25/ d i 3 ) d 13 
( c 25/ d l 4 r d ^  d / d 1 5 )d i5  ( i / d l 6 ) d i s  ( o27/ d 1 7 r d i 7  
d / d l 8 )d l8  ( 0 l 5 / d 1 9 r d 19 ( 0 l6 / d 2 o r d20 
(d 4- d 5 ) d^“ d5 ( d 6+d7 ) d6+d7 (d9 + d 1 0 ) d9 +dlO
( d 1 l+ d ) d 11+ d 12 ( d d ,+d ) d 1 3 - d l 4 + d l5
I I  12 13 14 1 5 '
( d 1g- d l 7 ) d l 6 - d 17 ( d l8 - d 19- d 2 0 ) d l 8 - d 1 9 - d20 .
The n o r m a l i z a t i o n  c o n d i t i o n  i s
d 1+d2 = 1
and  t h e  o r t h o g o n a l i t y  c o n d i t i o n  i s
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CASE I I I
p = 0 . 5  ( SELF-SHARP MING- OR CHIPPING TYPE BIT TOOTH WEAR)
Working w i t h  t h e  g e n e r a l  c a s e ,  p e r f o r m  t h e  i n t e g r a t i o n  
i n  t h e  d e n o m i n a t o r  o f  t h e  o b j e c t i v e  f u n c t i o n .
/
(C5D2+C gD +l)1_pdD = j  (C5D2+C6 D+l)^dD
^ • 2 ) ( 05 ) ( D f ) + ( 0 6 17(R4 ) 
( 4 ) ( 05 )
( 4 ) ( C 5 ) - ( 0 6 ) :
( 8 ) ( C 5 ) ( 0 5 ) s
i  i  (Cg)
l n (  (R4 ) 8+ ( 05 ) 3 (Df ) + ( 2 ) ( '0
( o 6 )
( 4 ) ( 05 )
( 4 ) ( 0 5 ) - ( 0 6 ) :
L ( 8 ) ( 0 5 ) ( 0 5 )*
(o6)
I n  1 +
=  ( i ) ( D f ) (R 4 ) ^ + ( 0 2 8 ) (R 4 )*+(C2 9 ) l n / l R 4 )4+(C30)(pf )-hg!3iy
+ ( o 3 2 )
=
The o b j e c t i v e  f u n c t i o n  w i l l  be
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( O ^ + d ^ H R g r ^ R q )
K = ( f ) ° 7 ( R 1) ( R 2 ) - 1 ( R 3 ) -1 (R g )
k  = ( o 1) ( W ) " ° 7 ( r 1 ) - 1( r 2 ) ( r 3 ) - 1( r 6 ) - i
+ ( f r ^ c R j r ^ M R g ) - 1
C o n s t r a i n t  4 f rom t h e  g e n e r a l  c a s e  would  be
<)K/<)Dt  = -[Cc,)(- /)"° \ $  1(Rg>Ca3) ~l (w)~% 3) -  1(RJ] (r )
(d ) f c 4 ) "  + (i")(R4) [ (2)(05)(Df ) 2 +( C6)ftlf ) ]
+(|)(c2 8 )(a4) ■"[( 2)(C5)&f )+( 0g6)] +■
j J d X b g / V  “ * [ (  2)(b5)(Df ) + (C6)]  + (C29)fc3 0 )] /
[(E4) i + ( o 30)(D f )+ ( o 3 i ) ] ] ^ o .
- 2
P l a c e  t h e  t e r m s  o v e r  a  common d e n o m i n a t o r .
i
= - [ ( C ^ m ' ^ C R ^ U g K R j r 1
+ ( f ) _0 7 ( R 3 ) (R5 ) ]  (R6 ) " 2 [ ( § ) U 4 )
+ ( i ) ( 0 3O)(Df )(R4 )^ + ( | ) ( 0 3 1 )(R4 )4 
+ ( l ) ( 0 5 )(Df )2 + ( i ) ( 0 5 ) ( 0 3 0 )(Bf ) 3 (R4 ) " J  
+ ( l ) ( 0 5 ) ( C 3 1 )(Df )2 (R4 ) - i  
+ ( | ) ( c 6 )(Df ) + ( i ) ( c 6 ) ( c 3 0 )(D;e) 2 (R4 )“ ^
+ ( i ) ( c 6 ) ( c 31 )(Df ) (R4 ) - 4
+ ( 0 5 ) ( C 2 8 )(Df ) + ( 0 5 ) ( 0 2 8 ) ( 0 3 0 )(Df ) 2 (R4 ) - ^
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+ (C5 ) ( C 2 8 ) ( C 3 1 )(Df )(R4 ) - ^  + ( | ) ( 06 ) ( 02 8 )
+ ( l ) ( 0 6 ) ( C 2 8 ) ( 0 3 0 )(Df ) ( R 4 ) " i  + ( ! ) ( C 6 ) ( C 2 8 ) ( C 3 1 ) (R 4 ) 
+ ( c 5 ) ( c 29 )(Df ) ( R 4 ) - 4 + ( i M C g H c ^ M R ^ - *
+ [ ( a ^ + C o ^ V ^ V ]  - 1 * o
The quart t i  t i  e s £( 01 ) ( W ) ' ° 7 ( R 1) " 1(R2 ) ( R 3 ) " 1 +
( f ) _ 07 ( R 3 ) ( E 5 ) 7 ,  (R6 ) - 2 , and  / U 4 )*  + ( )  (3 ^ )  + 
a r e  p o s i t i v e  and  may be  removed w i t h o u t  c h a n g in g  t h e  
d i r e c t i o n  o f  t h e  i n e q u a l i t y .  Regroup t h e  r e m a i n i n g  t e r m s
- [ ( ! ) < R 4 ) + (* )  ( 0 31 ) (R 4 )* + ( i ) ( C 3 0 ) (Df ) (R 4 )f
+ ( ! ) ( c 6 ) ( c 28) ( c 31)(R4 r 4 + C! ) ( c6 ) ( c 29 )(R4 r *
♦ (i)(08)(o31)(Df )(R4)-  ̂ + (o5)(o28)(o31)(nf )(R4r*
+ CD ( <?6 ).( Ogg) ( C jq)  ( Df ) (R4 )~^ + (C5 ) ( C 2 9 )(Df ) (R 4 ) - ^
+ ( l ) ( c 5 ) ( o 3 1 )(Df ) 2 (R4 ) " ^  + (i)  ( c 8 ) ( c 30) ( d £ ) 2 ( r 4 )~^
+ (C 5 ) (C 28 ) ( 0 3ol(I)f ) 2 (R4 )" ^
+ ( i ) ( C 5 ) ( 0 3 o )(Df ) 3 (R4 ) ' ^  + ( i ) ( C 6 )(Df )
+ ( o 3 ) ( o 2 8 ) (Df ) + ( i ) ( c 5) ( Df )2 ( i ) ( c 6)(028)
+ ( c 2 9 ^ ° 3 0 ^
D iv id e  b o t h  s i d e s  by t h e  r i g h t  hand s i d e  and  d e f i n e  new 
c o n s t a n t s .
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-  ( 0 3 3 ) ( R 4 ) -  (C3 4 ) (R4 )* -  ( 0 3 5 ) ( D f ) ( R 4 ) *
-  ( 0 3 6 ) (R 4 H  -  ( 0 3 7 )(Df ) (R 4 )" i  -  ( 0 3g ) (D f ) 2 (R4 r *
-  ( 039)(D£.)3 (R4 )"^ -  -  (04 l )(Df )2 £  1
As i n  Case I ,  R^ m u s t  be  m ax im ized ,  Rg m in i m iz e d ,
R^ m ax im iz ed ,  and  R^ m in i m iz e d  i f  t h e  o b j e c t i v e  f u n c t i o n  
i s  to  be  m in i m iz e d ,  R^ w i l l  be m ax im ized  and  m u s t  h a v e  an 
u p p e r  bound .
D£ ^ + C6 + 1 ^  R4.0 
R e a r r a n g e d ,  t h i s  becomes
R4 -  C5 Df 2 -  c 6 Df  £  1 .
R5 m u s t  a l s o  be  m ax im ized  and have  an u p p e r  bound .
( J ) ( D f ) ( R 4 ) i  + (C2 8 ) (R 4 )*  + ( 0 2 9 ) i n  ( R ^
+ (C3 2 ) *  *6
I f  £ 3  i s  s u f f i c i e n t l y  s m a l l ,  I n  (Ry) can be  a p p r o x i m a t e d  by 
£
( £ 3 )“ 1( R j )  3 -  ( £ 3 ) '.' S u b s t i t u t i n g ,
A
{*) (Df ) CR4 )* + (0 28 )(R4 )*+(029) r ( £ 3 ) - 1(R7 ) 3
-  ( £ 3 ) J +  ( 0 3 2 ) ^ Rg .
E x p a n d in g ,
T-1506 26
(4 )  ( Df) ( ^ 4 )^  + ( ^ 2 8 ) ( ^ 4 ^ 2 + ( @29) ( ^ 3 )*"  ̂(®y) ^ 
- ( C g 9 ) ( ^ 3 ) + ^ 3 2  ̂ ”  r 6 #
R e a r r a n g i n g  t h e  t e r m s ,
( i ) ( D £ ) (R 4 >* + ( 02 8 ) ( E 4 )*  -  (R6 ) -  ( C ^ K ^ )
+ ( 03 2 ) 5;
D i v i d i n g  b o t h  s i d e s  o f  t h e  i n e q u a l i t y  by t h e  t e r m s  on t h e  
r i g h t  s i d e  o f  t h e  i n e q u a l i t y  and d e f i n i n g  new c o n s t a n t s ,
- ( C 4 2 )(Df ) (R 4 )* (E 7 ) - S  -  ( C ^ K R ^ C E ^ r S
+ (C4 4 ) ( R 6 )(R7 ) _ £ 3 + (CA5 ) (E 7 )“ C3 ^  1.
Ry m u s t  be  m ax im ized  i n  o r d e r  to  m ax im ize  Rg.
(R4 ) £  + (C3 0 )(Df ) + (C3 1 ) £  Rr
R e a r r a n g i n g  t h e  t e r m s ,
(R? ) -  (R4 )*  -  (C3 0 )(Df ) *  03 1 .
D i v i d i n g  b o t h  s i d e s  by  C ^ ,
(C4 6 ) (R 7 ) -  (C4 6 ) (R 4 )® -  (C4 7 )(Df ) £  1.
Case I I I  ( f o r  p = 0 . 5 )  w i l l '  h av e  39 t e r m s  and  12 
v a r i a b l e s ,  r e s u l t i n g  i n  a  m i n i m i z a t i o n  p ro b lem  w i t h  a  
d e g r e e  o f  d i f f i c u l t y  o f  26 .
The f u l l  p ro b lem  f o r  p = 0 . 5  i s
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M in im iz e
7 / ^  n-1K = (Ot ) (W)~ 7 ( R 1) “ 1(R2 ) ( R 3 ) - 1(R6 )-1
+ (W)"°7 ( r 3 ) - 1( r 5 ) ( r 6 ) - 1
S u b j e c t  to
1) Df 4. 1
2) (C17) (W) (R1) (R2)“ 1 (R5 ) ( t 1 )~e i -  (C18) (-t, )” C1 6 1
3) ( t , ) ” 1 -  ( 0 19) ( t 1)“ 1(W) *  1
4)  - ( C 3 3 ) (R 4 ) -  ( O y J iZ j*  -  ( 0 3 5 )(Df ) (R 4 )4
"  ( C3 6 > ( V 4  '  ( ° 3 7 ) ( D f ) (R 4 ) - * - ( C 3 8 )(Df ) 2 (R4 ) - 4
-  (C3 9 ) (D f . )3 (R4 )“ i  -  ( C ^ H d ^ )
-  ( 04 l )(Df ) 2 ^  1
5) ( C l 4 )(W) ^  1
6 ) (Og3 ) (R ^ )  + ( 0 2 4 )(W)^2 ^  j
7 )  ( n ) ( r 2 ) _1 + ( o 4 ) ( i t ) 3 ( r 2 )“ 1 ^  1
8 ) ( c 2 5 ) ( n ) - 1( r 3 ) -  ( o 2 5 ) d r ) ° 2 6 ( t 2 ) £ 3 + ( t 2 )£ 3 £1
9)  ( t 2 ) " 1 -  (C2 7 ) ( N ) “ 2 ( t 2 ) " 1 ;? 1
10) (R4 ) -  (C5 ) (D f ) 2 -  (C6 ) (D f ) if 1
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11) (C l 5 ) (Df ) 3 (R5 ) - 1 + ( 0 l 6 ) (Bf ) 2 (R5 ) " 1
+ (Df ) (H 5 ) -1  £? 1
12 ) -  (0 4 2 ) (Df ) (R 4 )*(R7 )_£:3 _ ( 0 4 3 ) (R 4 )^ (R 7 ) - £ 3
£ _ £ ,
+ ( 0 4 4 ) (R 6 ) (R7 )“ 3 + ( 0 4 5 ) (R7 ) 3 *  1
13) ( 0 4 6 ) (R7 ) -  ( 0 4 6 ) (R4 )* -  (04 7 ) ( D f )  ^  1
The d u a l  f u n c t i o n  f o r  t h i s  p ro b le m  i s
K = ( C / d / 1  Cl /d2 ) d2 (Ci7/ d 4 ) d4 ( 0 i 8 / d 5 ) - d 5  ( l / d 6 )d6
( ° 1 9 / d7 )_ d7  C S / V "*8 G s V V "*9 ^ 3 5 / d l 0 r d l °  
( C3 6 / d l l ) _ d l , (037/ d 1 2 r d , 2 (C38/ d 1 3 r d 1 3
(C39 / d i 4 r d i4  ( 040/ d 15 r d i5  ro4 l / d l 6 r d i 6
( 0 l 4 >d17 ( C23/ d l 8 )d16 ( C24 / d l 9 ) d l 9 ^l / d 2 0 ’ d2°
( V d2 1 )d21 ( 0 25/ d 2 2 )d22 ( 025/ d 2 3 r d 2 5  
( l / d 2 4 ) d24 ( i / d 2 5 ) d25 ( 0 27/ d 2 6 ) " d 2 6 ( l / d 2 7 )d 27
(C5/ d 2 8 ) - d28 ( 0 6/ d 2 9 ) " d 29 (C 15/ d 3 0 ) d30 
( 0 l 6 / d3 1 ) d31 ( ’/ d3 2 )d32  ( 04 2 / d 3 3 r d 3 3
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« W " d 34 ( C 4 4 / d 3 5 )d 3 5  (C4 5/ d 3 6 )d56  
(C46/ d 3 7 ) d37 ( 0 46/ d 3 8 ) - d38 ( c 47/ d 3 9 ) - d39
(d4- d 5 ) d^ d5 ( d 6+d7 ) d6+d7
,0 3( - d g - d g - d l 0 - d 1 ^ - d ^ g - d ^ - d ^ - d ^ - d ^ g )  
( d l8 + d 1 9 ) d l 8 + d 19 ( d 20+d2 1 ) d20+d21 
( d22- d 23+d2 4 ) d22"d23+d24 ( d25. ^ ) d25"d26 
( d2?- d 28- d 2 9 ) d27"d2 8 - d29 ( c 30+ d31+d32) d30+d3 1+ d32 
( - d 3 r d34 +d35+d36J d3 3 - d34+d35+d36 
( d37- d38-  d39 ) 37 d38 d39 
The n o r m a l i z a t i o n  c o n d i t i o n  i s
d 1 + d2 =  1 r
and th e  o r t h o g o n a l i t y  c o n d i t i o n  i s
— Oy d <|—Cy dg** d y + d   ̂y + 2 ^ 1 9  =  ^
d 3 - d 1 0 - d 1 2 - 2 d 1 3 - 3 d 14 - d 15 - 2 d 16 - 2 d 2 8 - d 2 9 + 3 d 3 0 + 2 d 31  
+ d 3 2 - d 3 3 - d 39  =  0
d4 + d20+ 3’̂ 21“ <*22“ ^2o^23+^ 2 6  == ^
3 ^ R e p r e s e n t s  ( - d Q - d 9 - d 10- d 11- d 12- d i 3 - d i4“ d i 5 - d i6^
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- d 1+d4+ d 1g = 0
d 1- d 4 - d 2o - ci21 ”  0 
- d 1- d 2+d22 = 0
- d8 " i d 9 " i d 1 0 ^ d 1 l + i d 12+* d l 3 +* d l 4 +d27- * d3 3 " * d34 
- i d 3g = 0
d 2+d4- d^Q- d3 i -  d -̂ 2 = 0 
■"d r d2+d35 ~ 0
^ 3 d 33+^ 3 d 3 ^ " ^ 3 d3 5 " ^ 3 d36+d37 = ^ 
d4+£>1 d5- d 6+d7 = 0
-  ^ 3 d23+S 3d 24“ d25+d26 = 0
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CONCLUSION
The p ro b le m  h a s  been  s e t  up and a n a l y z e d  by b r e a k i n g  
i t  i n t o  t h r e e  c a s e s  b a s e d  on t h e  b i t  t o o t h  w e a r .  I t  h a s  
b e e n  f o r m u l a t e d  i n  t h e  g e o m e t r i c  program m ing  f o r m a t  
shown i n  t h e  p ro b le m  s t a t e m e n t  on p a g e  4 .  The n o r m a l i t y  
a n d  o r t h o g o n a l i t y  c o n d i t i o n s  were  a l s o  w r i t t e n  to  check  f o r  
e r r o r s  w h ich  would  p r o d u c e  i n f e a s i b l e  r e s u l t s .  W ith  t h i s  
f o r m u l a t i o n  a s  i n p u t ,  a  g e o m e t r i c  p rogram m ing  com p u te r  
code  c o u l d  how  be u s e d  to  o b t a i n  t h e  o p t i m a l  v a l u e s  o f  D^, 
N, and  ¥  f o r  c o m p a r is o n  w i t h  G a l l e  and  ¥0 0 ds and  w i t h  f i e l d  
r e s u l t s .  U s ing  t h e  d*s a s  c o s t  c o e f f i c i e n t s ,  we c o u ld  
b e t t e r  d e t e r m i n e  t h e  c o n t r i b u t i o n s  o f  t h e  t h r e e  v a r i a b l e s  
to  t h e  t o t a l  c o s t .
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SUBSTITUTION POLYNOMIALS
R, = (C2 ) - ( C 5 ) ln(W)
R2 = (N )+ (0 4 )(1T) 3
R3 = ( e r l00/lr2(N)08+(09 ) ( N ) ( l - e - 100/tr2)
R4  = (C5 )(Df  )+1
R5 = (C l 5 )(Df ) 3+ (C l 6 )(Df  )2+(Df )
Rg = ( i ) ( D f ) (R4 )*+(C2 8 ) (R4 ) ^ + ( 02 9 ) l n  (R4 )®+( O3 0 ) ( Df )
*<v] +(V
A





Cj = 1646 ,1
04 = 4 .3 4 8  x 10-5




=  6 . 0
= k =
fa. 6 , f o r  v e r y  s o f t  f o r m a t i o n s
1. 0 , f o r  m os t  o t h e r  f o r m a t i o n s  
'*0.428, f o r  h a r d  f o r m a t i o n s  
( p . 7 5 , f o r  s o f t  f o r m a t i o n s  
0̂ . 2 , f o r  h a r d  f o r m a t i o n s  
0 . 5 , f o r  s o f t  f o r m a t i o n s
= S. - 110 n
11 1 8 2 2 5 . 7 6 3 7









( 7 9 )" 1
°15 C5/ 3
iivo








I ( £  )- 1 (c  )1 12
IIoCVJ
o
( O ^ " 1
°21 = Co1)“ 1Co5-)
°22 = ( c , r 1(o6 )
°23 = Zo2+(£2 )“ 1( o3 )J~
c 27 = 100 ^ 3” 1 
°28  = g6 ^ °  5
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( 4 ) ( C 5 ) - ( C 6 ) 2
°29 = V 2
( 8 ) ( 05 ) 3 /2
C30 = COg)*
°31 = <°6)
( 2 ) ( 05 )^
°32  = " °2 8+ 029l l l ^1+031^ 
c o  =  ( i ) ( ' o 6 ) ( o 2 8 ) + ( o 2 9 ) ( o 3 0 )
O3 3  =  CO
_  ( i ) ( ° 3 1 )
34 00
o  ( i ) ( 0 ' 3 o )
’5 5  "  CO
( i ) ( c 6 ) ( c 2 8 ) ( c 3 1 ) + ( i ) ( c 6 ) ( c 2 9 )
C36 -  co
H)  ( O5 ) ( 0 3 f ) + ( C 8 )(  0^8 ) (C 3 1 ? ^ ( I ) ( 0 6 ) (  ^ 2 8  ̂^0 3 0 ^ ^ 0 5 ) ^ 0 2 9 ^
° 5 7  =  OC
( l ) ( 0 5 ) ( C 3 1 ) + ( i ) ( C 6 ) ( C 3 0 ) + ( C 5 ) ( C 2 8 ) ( C 3 0 ) 
o 3 8 =  ------------------------------------------ --- ------------------------------------------
0 _  ( t ) ( 0 5 ) ( 0 3 q )
39 ~  CO
( i ) ( 0 5 ) + ( 05 )(Oa g)
° 4 ° = M
c  -  -----------
4 1 00
OB = ( c ^ K ^ ) " 1
042 = i / O B
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